In [Chu12], Church used representation stability to prove that the space of configurations of distinct unordered points in a closed manifold exhibit rational homological stability. A second proof was also given by Randal-Williams in [RW13] using transfer maps. We give a third proof of this fact using localization and rational homotopy theory. This gives new insight into the role that the rationals play in homological stability. Our methods also yield new information about stability for torsion in the homology of configuration spaces of points in a closed manifold.
Introduction
Throughout this paper, M will be a smooth connected n-manifold with n ≥ 2. Let C k (M) denote the configuration space of finite subsets of M of cardinality k. That is, C k (M) = (M k −∆ f at )/Σ k where ∆ f at is the fat diagonal and Σ k is the symmetric group. When M is the interior of a manifold with non-empty boundary, McDuff in [McD75] defined a stabilization map:
involving "bringing a point in from infinity." McDuff proved that there is a number N k depending only on k and M such that t k induces an isomorphism on groups H i (·; Z) for i ≤ N k and lim k−→∞ N k = ∞ (Theorem 1.2 of [McD75] ). Later Segal showed that one can take N k to be k/2 (Proposition A.1 of [Seg79] ).
The question of homological stability for configuration spaces of particles in closed manifolds was not addressed for over 30 years until the work of Church (Corollary 3 of [Chu12] ). A second proof was also given by RandalWilliams (Theorem C of [RW13] ). There are two main difficulties in studying configuration spaces of particles in closed manifolds. There is no natural map C k (M) −→ C k+1 (M) and the integral homology of the spaces C k (M) do not stabilize (this can be seen by computing H 1 (C k (S 2 )) from the presentation of π 1 (C k (S 2 )) given on page 255 of [FVB62] ). Nevertheless, Church was able to prove using representation stability that the rational homology of the spaces C k (M) does stabilize. Randal-Williams later gave a direct proof using transfer maps.
We give an alternative perspective on this phenomenon using localization and construct a zig-zig of maps of spaces between C k (M) and C k+1 (M) which induces an isomorphism in rational homology in a stable range. We hope that this approach might also be useful for proving rational homological stability theorems in situations where there are no natural stabilization maps or even transfer maps.
We also give conditions for C k (M) and C j (M) to have isomorphic ptorsion. Until this point, the only theorems regarding homological stability for torsion for closed manifolds are due to Bödigheimer, Cohen and Taylor in [BCT89] (see also [RW13] ). Their work yields an explicit calculation of the F p -homology of configuration spaces when p=2 or the manifold is odd dimensional. From these explicit calculations, one can observe that the homology often stabilizes with F p coefficients. In contrast, our results concern the entire p-torsion subgroups of the integral homology of configuration spaces (see Theorem 4.7). Interestingly, there are situations where the homology with F p coefficients stabilizes but the p-torsion does not (page 255 of [FVB62] 
which induces homology isomorphisms through the same range that t k :
Here Γ k (Ṫ M) is the space of degree k sections ofṪ M −→ M. See page 102 of [McD75] for the definition of the degree of a section. The map s is called the scanning map. Combining this theorem with Segal's explicit homological stability range from [Seg79] , one gets the following corollary.
Rational homotopy
From this point onward, we will always assume that M is a closed manifold. By Corollary 2.2, to prove rational homological stability for the spaces C k (M), it suffices to prove that the spaces Γ k (Ṫ M) are rationally homotopic. While this is not always the case, we will prove that Γ k (Ṫ M) is rationally homotopic to Γ j (Ṫ M) if n is odd or k and j are both not equal to half the Euler characteristic of M.
Let S n (0) denote the rational localization of the n-sphere and letṪ M (0) −→ M denote the fiberwise rational localization of the bundleṪ M −→ M [Sul74] . Composition with the fiberwise localization map l :Ṫ M −→Ṫ M (0) gives a map of spaces of sections Γ k (Ṫ M) −→ Γ k (Ṫ M (0) ). By Theorem 5.3 of [Møl87] , this map is a localization map and hence induces an isomorphism
Proof Pick a CW -structure on M with exactly one n-cell. Let M n−1 be the (n − 1)-skeleton of M and letṪ M n−1 (0) denote the restriction ofṪ M (0) to M n−1 . The inclusion M n−1 −→ M is a cofibration with cofiber equal to S n . Thus, there is a fiber sequence:
Here Ω n denotes the space of based maps from S n . Note that the map
) is a surjection. To see that it is an injection, we will show that
) is a surjection. By Theorem 4.1 of [Møl87] , these section spaces are nilpotent. Consider the analogous fiber sequence without localizing.
The topology of these spaces depends heavily on whether n is even or odd. First we will address the case of n odd. Proof Let σ 1 and σ 2 be sections of Γ(Ṫ M (0) ). Let P be the bundle whose fiber over a point m ∈ M is the space of degree one self maps ofṪ m M (0) sending σ 1 (m) to σ 2 (m). Note that by Serre's calculations of rational homotopy groups of spheres [Ser51] 
Here the subscript 1 denotes the subspace of degree one maps. Since the fibers are contractible, there are no obstructions to finding a section f ∈ Γ(P ) (the relevant obstructions lie in
Instead of thinking of f as a section of P , we can view f as a bundle map f :
To see that f is unique up to fiberwise homotopy, let f ′ :Ṫ M (0) −→Ṫ M (0) be another such map and let P ′ be the bundle whose fiber over a point m ∈ M is the space of maps H : [0, 1] −→ P m such that H(0) = f and H(1) = f ′ . The fibers of P ′ are homotopic to Ω n+1 S n (0) and so there are also no obstructions to finding sections of P ′ . These sections correspond to fiberwise homotopies between f ′ and f . The same argument shows that we can also find a bundle map g : T M (0) −→ T M (0) such that g • σ 2 = σ 1 . Uniqueness shows that g is a fiber homotopy inverse to f . Thus, composition with f gives a homotopy equivalence between the path component of Γ(Ṫ M (0) ) containing σ 1 and the component containing σ 2 .
Before we discuss the case of even dimensional manifolds, we will discuss the case that the tangent bundle is trivial. However, we will make no assumptions regarding the parity of n. In this case, we have a natural home-
. Note that M has a fundamental class if the tangent bundle is trivial since parallelizable manifolds are orientable. We will now show that the bundleṪ
Lemma 3.3 For k and j non-zero, there is a homotopy equivalence between
Proof Since E is orientable, it is classified by a map to BMap 1 (S 
if n is even and d = 0
) is at least n-connected and M is n dimensional, the classifying map of E is null-homotopic.
If M is orientable, the bundle π :Ṫ M (0) −→ M is also orientable. It is not true that the bundle isomorphism betweenṪ M (0) and the trivial bundle necessarily preserves the zero section and hence the homeomorphism Γ(Ṫ M (0) ) ≃ Map(M, S n (0) ) might not preserve degree. Note that if M is orientable, the degree of a section ofṪ M −→ M is the algebraic intersection number of that section with the zero section.
Proposition 3.5 If n is even and M is orientable, there is a homeomorphism
Proof By Lemma 3.4, there exists a trivialization τ :
0) ) = Z × Q be the generators associated to the fundamental classes of the base and fiber respectively. Let
and so a = χ(M)/2. Now let σ be an arbitrary degree k section and let b be the number such
We now address the case of non-orientable manifolds. 
Since these maps are homotopy equivalences, Γ k (Ṫ M (0) ) ≃ Γ j (Ṫ M (0) ) for all k and j not equal to χ(M)/2.
Combining Proposition 3.2, Lemma 3.3, Proposition 3.5 and Proposition 3.6, we get the following corollary.
Theorem 3.7 The rational homology of Γ k (Ṫ M) is isomorphic to the rational homology of Γ j (Ṫ M) unless n is even and k or j is χ(M)/2. Combining Corollary 2.2 and Theorem 3.7, we deduce homological stability for configuration spaces of points in a closed manifold. 
Corollary 3.8 The homology groups
H i (C k (M); Q) are equal to those of H i (C j (M); Q) if i ≤ min(k/2, j/2) and k, j = χ(M)/2. Moreover,
an isomorphism is given by traversing the following diagram:
C k (M) s −→ Γ k (Ṫ M) l −→ Γ k (Ṫ M (0) ) ↓≃ C j (M) s −→ Γ j (Ṫ M) l −→ Γ j (Ṫ M (0) ).
Torsion
In this section, we describe how to modify the arguments of the previous section to compare the torsion in the homology of components of spaces of sections or configuration spaces. First we discuss the connectivity of the spaces of self maps of p-local spheres. Then we consider the case when n is odd. Following that, we describe when the p-torsion of Map k (M, S n ) is isomorphic to the p-torsion of Map j (M, S n ) and give a method for comparing the p-torsion in the homology of spaces of maps and spaces of sections. Finally, we draw new conclusions about stability for torsion in the homology of configuration spaces of particles in closed manifolds. Let Z (p) denote the p-local integers, S n (p) the p-local n-sphere andṪ M (p) the fiberwise p-localization. As in the rational case, Theorem 5.3 of [Møl87] implies that fiberwise p-localization induces a localization map on spaces of sections. Using a similar argument to those used to prove Proposition 3.1, we see that π 0 (Γ(Ṫ M (p) )) can be identified with Z (p) .
Many facts about rational localizations of spaces are also true for plocalizations for p sufficiently large. For example, in the previous section, we often used the fact that Ω 
Proof First consider the case that n is odd. Recall Ω n 1 S n (0) is weakly contractible since S n (0) ≃ K(Q, n). Thus, to prove Ω n 1 S n (p) is (n − 1)-connected, it suffices to prove that π i (Ω n S n ) has no p torsion for i ≤ n − 1 and p ≥ n/2 + 3/2. This follows by Serre's calculation in [Ser51] of the first time p-torsion appears in the homotopy groups of spheres. Now assume that n is even. Since Map 1 (S n (0) , S n (0) ) is (n − 1)-connected, it suffices to prove π i (Map 1 (S n , S n )) has no p-torsion for i ≤ n − 1 and p ≥ n/2 + 3/2. Consider the following fibration:
The homotopy groups
. From this, we can conclude that
consider the following portion of the long exact sequence of homotopy groups associated to the above fibration:
) is equivalent to the surjectivity of the connecting homomorphism δ :
Let ι denote the generator of π n (S n ). Let k be the number such that kG = δ(ι) modulo torsion. By Theorem 3.2 of [Whi46] , the map δ is equal to the map which sends an element κ ∈ π n (S n ) to the Whitehead product of κ with ι,
This completes the proof.
The following lemma is a substitute for the fact that, after rationalizing, there is a unique up to homotopy bundle map of a given fiber degree.
Lemma 4.2 Let p ≥ n/2 + 3/2 be a prime, M an n-manifold, E −→ X be an S n (p) -bundle. Let f : E −→ E be a map of fiber bundles that induces a degree 1 map on each fiber. If n is odd, make the additional assumption that f fixes some section σ : M −→ E. Then f is a fiberwise homotopy equivalence. Moreover, there is some number N such that f N is fiberwise homotopic to the identity.
Proof For n even, let P be the bundle whose fiber over a point m ∈ M is Map 1 (E m , E m ). For n odd, let P be the bundle with fiber the subspace of maps fixing the section σ. These assemble to form a bundle of monoids with respect to composition and this product gives π 0 (Γ(P )) the structure of a monoid. We will prove that this monoid is in fact a torsion group.
Give M a CW -structure with one n-cell. Let M n−1 denote the n − 1 skeleton of M and P n−1 the restriction of P to M n−1 . By Proposition 4.1, the fibers of P are (n − 1)-connected and so π 0 (Γ(P n−1 )) = 1. The inclusion M n−1 −→ M is a cofibration with cofiber homotopic to S n . Thus the restriction map r : Γ(P ) −→ Γ(P n−1 ) is a fibration. All of the fibers of r can be identified with Ω n P m (the fiber of P at a fixed point m ∈ M) since the fibers of P are (n − 1)-connected. Thus the following sequence is an exact sequence of monoids:
The monoid structure on the set π 0 (Ω n P m ) making π 0 (Ω n P m ) −→ π 0 (Γ(P )) a map of monoids is the monoid structure induced by the monoid structure on P m . Loop sum also gives the set π 0 (Ω n P m ) is a monoid structure. By the Eckmann-Hilton argument, these two monoid structures agree. Note that the rational localization of P m is Ω n 1 S n (0) for n odd and Map 1 (S n (0) , S n (0) ) for n even. Since P m is rationally n-connected, π n (P m ) = π 0 (Ω n P m ) is a torsion group. It follow by exactness of the sequence that π 0 (Γ(P )) is also a torsion group. Thus f is homotopy idempotent and hence a homotopy equivalence.
We can now state a sufficient condition for the path components of Γ(Ṫ M (p) ) to be homotopic. Proof The proof follows the proof of Proposition 3.2. Let σ 1 and σ 2 be two sections ofṪ M (p) . The obstructions to finding a degree one bundle map
Thus the obstructions vanish and one can construct a degree one bundle map taking σ 1 to σ 2 . By Lemma 4.2, these bundle maps are fiberwise homotopy equivalences. Thus the path components of Γ(Ṫ M (p) ) containing σ 1 and σ 2 are homotopic.
The proof of Lemma 3.3 works with minimal modification to show the following proposition.
The above proposition immediately applies to configuration spaces of particles in parallelizable manifolds. To use it to study non-parallelizable manifolds, we will need to adapt Lemma 3.4, Proposition 3.5 and Proposition 3.6 to the case of localizing away from a prime p. First we generalize Lemma 3.4.
Proof First assume that p ≥ n/3 + 3/2 and n is even. By Proposition 4.1,
Thus, the map classifyingṪ M (p) is null-homotopic. If n is odd, a straightforward generalization of Proposition 4.1 gives the result. However, since we will only use Proposition 4.5 for n even, we will not provide details for n odd. Now let n = 2. Since BMap 1 (S 2 , S 2 ) is simply connected, any map M −→ BMap 1 (S 2 , S 2 ) is homotopically trivial when restricted to the 1-skeleton.
This shows that the set of based maps up to homotopy, M, BMap 1 (S 2 , S 2 ) , is isomorphic to a quotient of the group S 2 , BMap 1 (S 2 , S 2 ) = π 2 (BMap 1 (S 2 , S 2 )). By the work of Hu in [Hu46] , π 2 (BMap 1 (S 2 , S 2 )) = Z/2Z. Fiberwise one point compactifying vector bundles induces a map M, BSO(2) −→ M, BMap 1 (S 2 , S 2 ) . The Euler class gives an isomorphism between M, BSO(2) and Z. Since orientable surfaces have even Euler class, the tangent bundle of M gives the trivial element of M, BMap 1 (S 2 , S 2 ) and hence the sphere bundle associated to the tangent bundle is trivial.
Using Proposition 4.1, Lemma 4.2, Proposition 4.4 and Proposition 4.5, we can adapt the proofs of Proposition 3.5 and Proposition 3.6 to prove the following proposition.
and n is even. Also assume that either p ≥ n/2 + 3/2 or M is an orientable surface. Then there is a homotopy equivalence
Proof The case that M is orientable immediately follows from the arguments of Proposition 3.5 using Proposition 4.4 and Proposition 4.5. Now assume p ≥ n/2 + 3/2. Let d be a unit in Z (p) . By Proposition 4.4, 
To make the rest of the arguments of Proposition 3.6 work in this case, we need to know the following fact: Let d be a unit in Z (p) and let f d and f Since g is a bundle map, α=1 and β = 0. Since g has fiber degree equal to 1, δ = 1. By Lemma 4.2, there is some number N such that g N is fiberwise homotopic to the identity and so γ = 0. This fact is the substitute for the fact that, after rationalizing, there is a unique bundle automorphism inducing a degree d map on each fiber. Everything else is a straightforward adaptation of the arguments of Proposition 3.6. Using Corollary 2.2, Proposition 4.3, Proposition 4.4 and Proposition 4.6, we get the following theorem. 1) M is parallelizable and k/j is a unit in Z (p) 2) n is odd and p ≥ n/2 + 3/2 3) n is even, p ≥ n/2 + 3/2 and (2k − χ(M))/(2j − χ(M)) is a unit in Z (p) 4) n = 2, M is orientable and (2k − χ(M))/(2j − χ(M)) is a unit in Z (p) .
For example, part 1 of the above theorem implies that the 2-torsion of the homology of C 2k+1 (M) stabilizes for M parallelizable. This contrasts with the case of the sphere where part 4 indicates that the 2-torsion of H * (C 2k (S 2 )) stabilizes. Fadell and Van Buskirk's calculation that H 1 (Br k (S 2 )) = H 1 (C k (S 2 )) = Z/(2k − 2)Z (page 255 of [FVB62] ) shows that the two torsion in H * (C 2k+1 (S 2 )) does not stabilize. So in some sense, Theorem 4.7 is optimal in this case.
